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Abstract
We propose and demonstrate a limiting procedure in which, starting from the q-lifted version (or
K-theoretic five dimensional version) of the (W)AGT conjecture to be assumed in this paper,
the Virasoro/W block is generated in the r-th root of unity limit in q in the 2d side, while the
same limit automatically generates the projection of the five dimensional instanton partition
function onto that on the ALE space R4/Zr. This circumvents case-by-case conjectures to
be made in a wealth of examples found so far. In the 2d side, we successfully generate the
super-Virasoro algebra and the proper screening charge in the q → −1, t → −1 limit, from
the defining relation of the q-Virasoro algebra and the q-deformed Heisenberg algebra. The
central charge obtained coincides with that of the minimal series carrying odd integers of the
N = 1 superconformal algebra. In the r-th root of unity limit in q in the 2d side, we give




literatures, q-deformed su(n) block is readily generated both at generic q, t and the r-th root of
unity limit. In the 4d side, we derive the proper normalization function for general (n, r) that
accomplishes the automatic projection through the limit.
2
1 Introduction
Continuing attention has been paid to the correspondence between the two-dimensional con-
formal block [1] and the instanton sum [2, 3] identified as the partition function of the four
dimensional N = 2 supersymmetric gauge theory. The both sides of this correspondence [4, 5]
have already been intensively studied for more than a few years and a wealth of such examples
has been found by now. One of the central tools for our study is the β-deformed matrix model
controlling the integral representation of the conformal block [6, 7, 8, 9, 10, 11, 12, 13, 14] and
the use [10] of the formula [15, 16] on multiple integrals. This general correspondence, on the
other hand, has stayed as conjectures in most of the examples except the few ones [17, 18, 19, 20]
and one of the next steps in the developments would be to obtain efficient understanding among
these while avoiding making many conjectures.
In this paper1, we regard the correspondence between q-Virasoro [22, 23, 24, 25, 26, 27]/W
block versus five dimensional instanton partition function as a parent one. We propose the
following procedure on the orbifolded examples of the correspondence [28, 29, 30, 31, 32, 33,
34, 35, 36, 37]:
(1) assume the the q-lifted version (or K-theoretic five dimensional version) of the (W)AGT
conjecture
(2) introduce the limiting procedure q → ω
(3) apply the same limiting procedure to Z5dinst, which automatically generates the instanton
partition function on ALE space.
We emphasize that, through this limiting procedure (and the assumption (1)), the resulting
2d conformal block is guaranteed to agree with the corresponding instanton partition function
on ALE space.
The limiting procedure we propose in this paper is the following one (Eq. (3.3) in the text):
q = ω e−(1/
√
β)h, t = ω e−
√
βh, p = q/t = eQEh, (1.1)
with ω = e2πi/r. We introduce the root of unity limit q → ω by h → +0 limit. Our procedure
is illustrated in Figure 1.
In the next section, we first derive super-Virasoro algebra [38, 39, 40], starting from the
defining relation of the q-Virasoro algebra and the q-deformed Heisenberg algebra [22]. The
1Talks based on this work have already been given by the authors in the following workshops and the
conference [21].
1
central charge obtained coincides with that of the minimal series [38] carrying odd integers of
the N = 1 superconformal algebra.
In section three, we consider the r-th root of unity limit of q and t for the q-Virasoro algebra,
and we give some evidence of the appearance of the parafermion-like currents.
In section four, exploiting the q-analysis literatures [41, 42, 43, 15, 16], we introduce integral
representation of q-deformed su(n) block which is valid both at generic q, t and the r-th root
of unity limit.
In section five, we turn our attention to the 4d side. See, for instance, [44, 45, 46, 47, 48, 49].
After some review on the ALE instanton partition function [50], we show that the same limit
automatically generates the projection of the five dimensional instanton partition function
(see, for instance, [51]) onto that on the ALE space R4/Zr. We derive the proper normalization
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Fig. 1: Illustration of the procedure proposed in this paper.
For M theoretic view point of this correspondence, see, for example, [52]. For recent develop-
ments on the connection between q-deformed Virasoro algebra and the 5 dimensional partition
function on S5, see [53].
2 q→−1 limit of q-Virasoro algebra and N = 1 SCFT
In this section, we consider the q → −1 limit of the q-Virasoro algebra and discuss its connection
with the N = 1 super-Virasoro algebra. This limit corresponds to the r = 2 case of q → ω =
e2πi/r.
2
2.1 q-Virasoro algebra for generic q
The q-Virasoro algebra Virq,t [22] contains two parameters q and t and has a realization in
terms of a q-deformed Heisenberg algebra Hq,t:




δn+m,0, (n 6= 0),
[αn, Q] = δn,0,
(2.1)
where p = q/t. In terms of these “fundamental bosons”, the generators of the q-Virasoro
algebra Tn (n ∈ Z) are realized as



















where T (z) =∑n∈Z Tnz−n, and β = log t/ log q. Eq. (2.2) satisfies the defining relation of the
q-Virasoro algebra:























Let us introduce two q-deformed free bosons by






where ξ+ = q, ξ− = t.
Their correlators are given by
〈ϕ˜(±)(z1)ϕ˜(±)(z2)〉 = 2β±1 log z1 −
∞∑
n=1


























(1− x ξk). (2.9)








Two kinds of deformed screening currents are defined by
S±(z) =: e±ϕ˜
(±)(z) : . (2.11)
The screening currents S± commute with the q-Virasoro generators up to total q- or t-derivative:


















































(1− ξ)z . (2.15)










over a suitably chosen integral domain [a, b].
2.2 q→−1 limit of q-bosons
First, we consider the q = −1 limit of the q-bosons (2.6). Let us decompose them into “even”
and odd parts:























πiz) = ϕ˜(±)even(z) + 2πi β
±1/2 α0, ϕ˜
(±)
odd(−z) = −ϕ˜(±)odd(z). (2.19)
Now we consider a q → −1 limit. Simultaneously, t→ −1 limit is taken. In the remaining








where k± are non-negative integers. To make the limit definite, we choose the branch of
logarithms of q and t as
log q = 2πi(k+ + 1/2)− h√
β
, log t = β log q = 2πi(k− + 1/2)−
√
βh, (2.21)
with h > 0. Also,
log p = log q − log t = 2πi(k+ − k−) +QEh. (2.22)
Here QE =
√
β − 1/√β. Hence
q = −e−(1/
√
β)h, t = −e−
√
βh, p = q/t = eQEh. (2.23)
The q → −1 limit implies h→ +0 limit.
We postulate the following limit of the boson oscillators:



















a˜n+1/2 +QE h a˜n+1/2 +O(h
2).
(2.24)
This leads to the following standard commutation relations of boson and twisted boson
oscillators:
[an, am] = nδn+m,0, [an, Q] = δn,0, (2.25)
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[a˜n+1/2, a˜−m−1/2] = (n+ 1/2)δn,m. (2.26)






















Here φ(w) (resp. ϕ(w)) is the ordinary (resp. twisted) boson on the w-plane:








Note that φ(e2πiw) = φ(w) + 2πi a0, ϕ(e
2πiw) = −ϕ(w).
2.3 q→−1 limit of screening currents
Next, we consider the q → −1 limit of the screening currents (2.11). Using the limit of q-bosons













First, we rewrite the vertex operators : e±ϕ(w) :. Since the weight ±1 is in a (one-






: eϕ(w) : − : e−ϕ(w) :
)





: eϕ(w) : + : e−ϕ(w) :
)
. (2.32)








Using the commutation relations (2.26), we can show that these two fermions (2.32) obey
the following anti-commutation relations:
{ψ(w1), ψ(w2)} = 1
w1
δ(w2/w1),
{ψ̂(w1), ψ̂(w2)} = 1√
w1w2
δ(w2/w1),
{ψ(w1), ψ̂(w2)} = 0.
(2.34)
2If the weights of the vertex operators were in the even lattice, (±√2)2 = 2 ∈ 2Z, one could construct the





ψ(e2πiw) = ψ(w), ψ̂(e2πi w) = −ψ̂(w). (2.35)










In terms of these modes, the anti-commutation relations (2.34) are rewritten as
{ψr, ψs} = δr+s,0, {ψ̂m, ψ̂n} = δm+n,0, {ψr, ψ̂m} = 0. (2.37)
Here r, s ∈ Z + 1/2 and m,n ∈ Z. Hence, ψ(w) (resp. ψ̂(w)) is an NS fermion (resp. an R
fermion) on the w-plane.



























Remark. Let |0′〉 = √2 a˜−1/2|0〉. By definition (2.32), ψr (resp. ψ̂n) is constructed as an infinite
sum of terms with odd (resp. even) number of twisted boson oscillators {a˜n+1/2}. Hence, the
state |0′〉 is not contained in the “Ramond” sub-module FR of the twisted boson module over
the Fock vacuum:
|0′〉 /∈ FR = C[ψ̂−1, ψ̂−2, · · · ]|0〉, FR ⊂ C[a˜−1/2, a˜−3/2, . . . ]|0〉. (2.39)
But the state |0′〉 can be obtained by the action of the NS fermion: ψ−1/2|0〉 = −i |0′〉. Moreover,
we have the following isomorphism between twisted boson module and NS and R fermion
module:
C[ψ−1/2, ψ−3/2, · · · , ψ̂−1, ψ̂−2, · · · ]|0〉 = C[a˜−1/2, a˜−3/2, · · · ]|0〉. (2.40)
One can show that
ψ̂0|0〉 = 1√
2














where 〈0′| = √2 〈0|a˜1/2.
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2.4 q = −1 limit of q-Virasoro generators
In this subsection, we consider the q → −1 limit of the generating function T (z) of the q-

















































G(w) = ψ(w)∂φ(w) +QE ∂ψ(w),















: ψ(w)∂ψ(w) : . (2.45)
Then, T (w) and G(w) obey the N = 1 superconformal algebra in the NS sector:
T (w1)T (w2) =
(3/4)cˆ
(w1 − w2)4 +
2 T (w2)
(w1 − w2)2 +
T ′(w2)
w1 − w2 + · · · ,
T (w1)G(w2) =
(3/2)G(w2)
(w1 − w2)2 +
G′(w2)
w1 − w2 + · · · ,
G(w1)G(w2) =
cˆ
(w1 − w2)3 +
2T (w2)
w1 − w2 + · · · ,
(2.46)
where





= 1− 8(k− − k+)
2
(2k+ + 1)(2k− + 1)
. (2.47)
After replacing ψ(w) with ψ̂(w) in (2.45), T (w) and Ĝ(w) obey the N = 1 algebra in the R
sector.
Recall that the N = 1 minimal superconformal models have the central charge




Therefore, cˆ (2.47) corresponds to an N = 1 minimal model such that m and m′ are both
positive odd integers: m = 2k+ + 1 and m
′ = 2k− + 1. Without loss of generality, we can take
m′ > m, i.e., k− > k+. The unitary minimal models [38] occur when k− = k+ + 1 and k+ ≥ 1.
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2.5 Vertex operator and its q→−1 limit










The correlator of this q-boson with ϕ˜(+) is given by
〈Φα(z1)ϕ˜(+)(z2)〉 = 〈ϕ˜(+)(z1)Φα(z2)〉 = 2
√






















The correlator among themselves is given by
















We restrict the parameter α to take values corresponding to those of the primary fields of
the minimal theories in the NS sector:














1 ≤ r ≤ 2k−, 1 ≤ s ≤ 2k+, r − s ∈ 2Z. (2.54)
Then
Lr,s ≡ (2k+ + 1)
√




















: eαr,sφ(w) : for Lr,s even,: eαr,sφ(w)e−(1/2)ϕ(w) : for Lr,s odd. (2.57)
For Lr,s even, : e
αr,s(w) : is exactly equal to the Coulomb gas representation of the bosonic


















For Lr,s odd, the interpretation of the vertex operator : e
−(1/2)ϕ(w) : is unclear. The operator
product expansion of the vertex operators : e±(1/2)ϕ(w) : with the NS fermion is given by
ψ(w1) : e
±(1/2)ϕ(w2) := ∓ i√
2(w1 − w2)1/2
: e∓(1/2)ϕ(w2) : + · · · , (2.59)
which is similar to those of the spin fields, but they do not affect the Fock vacuum:
: e±(1/2)ϕ(0) : |0〉 = |0〉. (2.60)
Hence, these are not spin fields. In the remaining part of this section, we only consider the case
of Lr,s even.
Next, let us consider the q → −1 limit of the Jackson integral∫ a
0






























We propose the following “limit” of the q-screening charge Q+[a,b] for the rational β (2.20):
i√
2





























βφ(w) : . (2.65)
Here we have ignored the subtlety due to the zero-mode and negative power terms. To be more
precise, the “limit” (2.64) includes a kind of projection imposed by hand. Note that
lim
h→0







Hence this projection is equivalent to drop the R fermion ψ̂(w). We see that the resulting
screening charge (2.65) is the screening charge for the superconformal block [55, 56].
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3 Root of unity limit of q-Virasoro algebra and parafermion-
like structure
In this section, we consider the r-th root of unity limit of the q-Virasoro algebra. In particular,
we show that the screening currents S± in the limit are closely related to parafermion-like
currents.
The parafermion currents are introduced in [57]. The partition functions of the parafermionic
theories are studied in [58]. For recent work which discuss the connection between parafermions
and Selberg integrals, see [59].








where k± are non-negative integers and choose the branch of logarithms of q and t as
log q = 2πi(k+ + 1/r)− h√
β
, log t = β log q = 2πi(k− + 1/r)−
√
βh, (3.2)
with h > 0. Hence
q = e2πi/r e−(1/
√
β)h, t = e2πi/r e−
√
βh, p = q/t = eQEh. (3.3)
The root of unity limit q → e2πi/r implies h → +0 limit. The q → −1 limit in the previous
section corresponds to the r = 2 case.
3.1 q → e2pii/r limit of q-bosons
Let us decompose the q-deformed free bosons (2.6) into two parts:





















































a˜n+ℓ/r +O(h), (ℓ = 1, 2, . . . , r − 1).
(3.6)
The rescaled oscillators obey the following commutation relations
[am, an] = mδm+n,0, [an, Q0] = δn,0, (3.7)
[a˜n+ℓ/r, a˜−m−ℓ′/r] = (n+ ℓ/r)δm,nδℓ,ℓ′. (3.8)




















where w = zr and















The correlation functions are given by


























3.2 q → e2pii/r limit of screening currents




















Using the vertex operators e±
√





















± . Hence we can choose the range of ℓ as ℓ = 0, 1, . . . , r − 1.




2πiw) = e−2πi(ℓ−r+1)/rΨ(ℓ)± (w). (3.17)






























Note that for w1 → w2,











± (w) are analogue of the parafermion current with scaling dimension ∆1 =
1− (1/r).
For example, if we set
Ψ(w) := Ψ
(1)
+ (w), Ψ(w) := Ψ
(r−1)
− (w), (3.21)
they obey (for r > 3)
〈0|Ψ(w1)Ψ(w2)|0〉 = 1
(w1 − w2)2(1−(1/r)) , (3.22)








































2β/r φ(w) :, (3.26)
which is a generalization of (2.64).
For the r = 2 case, Q
(+)
[a2,b2] is the screening charge of the N = 1 superconformal algebra.
Hence Q
(+)
[ar ,br] may play the role of a screening charge for a parafermionic algebra.
4 Review of conformal block and its q-lift
The q-deformed Wn algebra is introduced in [60, 24]. The q-Virasoro algebra is the n = 2 case
of these series of algebras. For general n, the root of unity limit can be studied similarly as in
sections 2 and 3. But the analysis of the limit requires a hard task.
The q-deformed W algebra at roots of unity itself will not be exploited here for our study
of the q-lifted version of (W)AGT conjecture. It is the (q-deformed) conformal block for the
Wn algebra which play the key role for the conjecture.
For the conformal block, there is a simple recipe for the q-lift (q-deformation) without
explicitly treating the q-W algebra. In subsection 4.1, we review the conformal block of Wn
algebra written as the Dotsenko-Fateev (DF) multiple integrals. It can be converted into the
multiple integrals closely related to the An−1 Selberg integrals. In subsection 4.2, the q-lifted
conformal block are given. An expansion of the q-deformed conformal block in the cross ratio
is also mentioned.
The Kadell formula for the Macdonald polynomials is the basic calculational tool of our
study [10]. The Kadell formula and their explicit forms for a few Macdonald polynomials are
summarized in subsection 4.3.
4.1 Conformal block: From DF to Selberg
Let us consider the conformal field theory with the central charge c
c = (n− 1)(1− n(n + 1)Q2E), QE =√β − 1√β , (4.1)
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associated with the An−1 = sl(n) Lie algebra. Let h be the Cartan subalgebra of An−1 and h∗
its dual.
The four-point conformal block of the chiral vertex operators can be expressed in terms of
free fields. Let φ(z) be an h-valued free chiral boson with correlation functions:
〈φa(z)φb(w)〉 = (ea, eb) log(z − w), φa(z) = 〈ea, φ(z)〉,
ea ∈ h∗ : a simple root of An−1, a = 1, · · · , n− 1.
(4.2)
Here (·, ·) is the symmetric bilinear form on h∗ and 〈·, ·〉 is the natural pairing between h∗ and h.
With (ea, ea) = 2, Cab := (ea, eb) is the Cartan matrix of the An−1 algebra. The corresponding
























The scaling dimension of the vertex operator Vα(z) =: e
〈α,φ(z)〉 : (α ∈ h∗) is given by
1
2
(α, α)−QE(ρ, α). (4.5)



























The four points are set to z1 = 0, z2 = Λ, z3 = 1, z4 = ∞. Hence Λ is the cross ratio. The









(ρ, αi), (i = 1, 2, 3, 4), (4.8)
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αI := α1 + α2 + β
n−1∑
a=1
Naea = −(α3 + α4)− β
n−1∑
a=1
N˜aea + 2(β − 1)ρ. (4.10)
Here we have used the momentum conservation condition:
1√
β





(Na + N˜a)ea − 2QE ρ = 0. (4.11)
By using the Wick’s theorem, we obtain the Dotsenko-Fateev integral representation of the
conformal block (4.6) [61]













































|z(b+1)J − z(b)I |−1. (4.14)
By changing the integration variables from z
(a)
I (I = 1, 2, . . . , Na + N˜a) to x
(a)
I (I =
1, 2, . . . , Na) and y
(a)














we obtain the following Selberg-type multiple integral [10]:


































































































|y(b+1)J − y(b)I |−1. (4.21)
Strictly speaking, in order for the multiple integral (4.17) to be well-defined, the integration
domains [0, 1]N and [0, 1]N˜ must be deformed properly.










































|t(b+1)J − t(b)I |−1. (4.23)
For the definition of properly deformed integration domain C
k1,...,kn−1
β [0, 1], see [43]. For
0 ≤ k1 ≤ n2 ≤ · · · ≤ kn−1, k0 = kn = 0,
Re(κ) > 0, Re(αa) > 0 (a = 1, 2, . . . , n− 1), −min
{
Re(κ)










ka − ka−1 − 1 < Re(β) <
Re(αa + · · ·+ αb)










Γ(αa + · · ·+ αb + (j + a− b− 1)β)


































Let ωa be the fundamental weights: (ωa, e
∨
b ) = δab. Here e
∨
b = 2eb/(eb, eb) = eb are the
simple coroots. We choose two external momenta α1 and α4 to be proportional to ωn−1:
α1 = u+ ωn−1, α4 = u− ωn−1. (4.27)
Note that in the integrand of (4.17), only the polynomial F (x, y|Λ) (4.18) has dependence
on the cross ratio Λ. With the conditions (4.27), ZS factorizes into product of two An−1 Selberg




(1 + u+; 1 + v1+, · · · , 1 + v(n−1)+; β)
× SAn−1
N˜1,...,N˜n−1
(1 + u−; 1 + v1−, · · · , 1 + v(n−1)−; β),
(4.28)
where
va+ := (α2, ea), va− := (α3, ea). (4.29)









Here 〈· · · 〉+ (resp. 〈· · · 〉−) is the average over the An−1 Selberg integral IAn−1N1,...,Nn−1(1+ u+; {1+
va+}; β) (resp. IAn−1N˜1,··· ,N˜n−1(1 + u−; {1 + va−}; β)), normalized as 〈1〉± = 1.
The AGT relation implies that ZS(Λ)/ZS(0) is equal to the instanton part of the Nekrasov
partition function of N = 2 SU(n) gauge theory with Nf = 2n fundamental matters.
4.2 q-deformed conformal block
In order to study the five-dimensional version of AGT conjecture, we need a q-deformed con-
formal block.
4.2.1 q-deformation
There is a simple recipe [41, 63] to obtain a q-deformation of the Selberg-type multiple integral.
For the Selberg integral, defined by













(xI − xJ)2β , (4.31)
18




















Then we obtain the q-Selberg integral:



















Here for simplicity we have assumed β2 and β are positive integers. We can easily modify the
above expression when these parameters are not integers.




























































(xI − qixJ)f(x) (4.35)
















































Here we have introduced the q-number
[a]q :=
1− qa


































































k = 0. (4.41)
4.2.2 Λ-expansion of the q-deformed conformal block
In order to compare with the five-dimensional Nekrasov partition function, let us consider an
expansion of the q-deformed conformal block (4.36) in the cross ratio Λ.
Let λ be a partition, λ′ be its conjugate and aλ(s) (resp. ℓλ(s)) be the arm length (resp.
leg length) at s = (i, j) ∈ λ:
aλ(s) = aλ(i, j) = λi − j, ℓλ(s) = ℓλ(i, j) = λ′j − i. (4.42)
































[aλ(s) + βℓλ(s) + 1]q
[aλ(s) + βℓλ(s) + β]q
, (4.44)
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Unfortunately, we have no formula (or conjecture) for the average of the general n products
of the Macdonald polynomials which appear in (4.45)4. For the formula for the 2-Macdonald
average, see [63]. But first few terms of the expansion can be explicitly evaluated by using the
Kadell formula.
The Kadell formula [15, 16] for the Macdonald polynomials Pλ(x; q, q
























[Nβ, λ]q[u+Nβ + 1− β, λ]q









[β + (λi − j) + β(λ′j − i)]q =
∏
s∈λ





Using the average (4.35), explicit forms of (4.46) for first few Macdonald polynomials are
4For β = 1, see [62].
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(with rescaling ua± → βua±, va± → βva±)
〈P(0)〉N±,q = 1,
〈P(1)〉N±,q = tva±[N ]t [ua± +N − (1− β
−1)]t
[wa± − 2(1− β−1)]t ,






[ua± +N − (1− β−1)]t[ua± +N − (1− 2β−1)]t
[wa± − (2− 2β−1)]t[wa± − (2− 3β−1)]t ,






[ua± +N − (1− β−1)]t[ua± +N − (2− β−1)]t
[wa± − (2− 2β−1)]t[wa± − (3− 2β−1)]t ,













[ua± +N − (1− kβ−1)]t
[wa± − (2− (k + 1)β−1)]t ,








[ua± +N − (1− kβ−1)]t
[wa± − (2− (k + 1)β−1)]t×
× [ua± +N − (2− β
−1)]t
[wa± − (3− 2β−1)]t ,













[ua± +N − (k − β−1)]t
[wa± − ((k + 1)− 2β−1)]t ,
where t = qβ and wa± = ua± + va± + 2N .























[Nβ, λ][u+Nβ + 1− β, λ]





[x+ β(1− i) + (j − 1)] =
∏
i≥1




(β + (λi − j) + (λ′j − i)). (4.52)
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5 5d instanton partition function and its projection onto
ALE space
5.1 brief review of 4d SU(n) instanton partition function on ALE
The instanton partition function of four dimensional N = 2 supersymmetric SU(n) gauge
theory on R4 (with Ω-deformation) can be calculated by the method of localization. The
fixed points of the torus action U(1)2 × U(1)n is labeled by an n-tuple of Young diagrams
~Y = (Yα)α=1,2,··· ,n. For the fixed points corresponding to the k-instanton, |~Y | =
∑
α |Yα| = k.
Here we denote by |Yα| the number of boxes carried by Yα. The instanton part of the Nekrasov


























x+ βℓY1(i, j) + aY2(i, j) + β
)(











aY (i, j) = Yi − j, ℓY (i, j) = Y ′j − i. (5.4)
Here ǫ1 =
√
βgs and ǫ2 = −gs/
√
β. Therefore,




Suppose that the torus action is generated by (ǫ1, ǫ2, a1, · · · , an). Then the weight of an indi-
vidual box (i, j) ∈ Yα of Young diagram is given by aα + (i− 1)ǫ1 + (j − 1)ǫ2.
Let us consider the instanton on R4/Zr. The Zr action is [50, 64]
ǫ1 → ǫ1 − 2πi
r
, ǫ2 → ǫ2 + 2πi
r




From the weight associated with the torus action, we see that Zr-charges are assigned to each
Young diagram and its boxes. The charge of each box (i, j) of the Young diagram Yα is
qα,(i,j) = qα − (i− 1) + (j − 1) (mod r), α = 1, 2, · · · , n, (5.7)
and qα is regarded as the charge of each Young diagram Yα.
5.2 more on the labeling of ALE instantons
Let us consider the case where the 1st Chern class vanishes. This condition leads to
nℓ − 2kℓ + kℓ+1 + kℓ−1 = 0. (5.8)
Here nℓ is the number of Young diagram {Yα} such that Zr-charge qα = ℓ and kℓ is the total





ℓ kℓ. When (5.8) is satisfied, the 2nd Chern number is k/r and the ALE partition











Zrcharge of each factor = 0
. (5.9)
5.3 limiting procedure from 5d instanton partition function




























[x+ βℓY (i, j) + aW (i, j) + β]q[−x− βℓY (i, j)− aW (i, j)− 1]q, (5.12)
f q±Y (x) =
∏
(i,j)∈Y
[±x ∓ β(i− 1)± (j − 1)]q, [x]q = 1− q
x
1− q . (5.13)







Eq. (5.6) can be read off as the shift in q as well as in t [65]
q = eǫ2 → ω q, t = e−ǫ1 → ω t, q aαǫ2 = eaα → ωqαq aαǫ2 , ω = e2πi/r. (5.15)
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Here we have rescaled aα → aα/ǫ2. If we take the limit q → 1 subsequently, we expect that
this is equivalent to taking the Zr orbifold projection on four dimensional space. On the other
hand, this limit is equal to the root of unity limit of q and t and the five dimensional Nekrasov
partition function reduces to that on R4/Zr. In what follows, let us realize this procedure as
q = ω ehǫ2 , t = ω e−hǫ1, q
aα
ǫ2 = ωqα ehaα , q
mi
ǫ2 = ehmi, h→ +0. (5.16)
Here we have rescaled mi by mi/ǫ2.







































−aα′α + ǫ1ℓYα(i, j)− ǫ2aYα′ (i, j)− ǫ2
)
. (5.17)
Here we have set aα′α = aα′ − aα and qα′α = qα′ − qα. Similarly, from (5.13) we obtain




























± (mi + aα)± ǫ1(i− 1)± ǫ2(j − 1)
)
. (5.18)
The above results show that among the factors which compose the five dimensional Nekrasov
partition function, only the factors which contribute to the R4/Zr instanton partition function
survive the limiting procedure (5.16) at the leading order in h. The other factors become
automatically unimportant coefficients.
25
In what follows, let us first consider the case of SU(2) and r = 2. Setting a ≡ a1 = −a2,
we must have the charge qa = q1 = −q2. From the condition (5.8), the following two cases are
permitted:
case 1 : qa = 1, (k0, k1) = (k0, k0 + 1), (5.19)
case 2 : qa = 0, (k0, k1) = (k0, k0). (5.20)
Here k0 = 0, 1, 2, · · · . Therefore, we have (Fig. 2)
case 1 : q = −ehǫ2, t = −e−hǫ1 , qa = −eha, (5.21)








Fig. 2: Samples of Young diagrams contributing in the case of SU(2) and r = 2. The upper
corresponds to k0 = 0 of case 1 and the lower corresponds to k0 = 1 of case 2. The number




















Here A(x,y)AB represents that two Young diagrams A and B have the Z2-charge x and y respec-
tively. The coefficient h2/22 in the definition of Z
(2)
k0+1/2
has introduced in order to remove the











by the explicit calculation. First of all, in the case k0 = 0 (k = 1) of case 1, expanding around






















(A˜(1,1)(1)(0) + A˜(1,1)(0)(1)) = −
2
(2a + ǫ1 + ǫ2)(2a− ǫ1 − ǫ2) . (5.27)
Next, in the case k0 = 1 (k = 2) of case 2,
A˜(2),(0) =
∏2
i=1[mi + a]q[−(mi+2 + a)]q[mi + a+ 1]q[−(mi+2 + a+ 1)]q
[1 + β]q[−2]q[β]q[−1]q[−2a− 1 + β]q[2a]q[−2a− 2 + β]q[2a+ 1]q ,
A˜(1,1),(0) =
∏2
i=1[mi + a]q[−(mi+2 + a)]q[mi + a− β]q[−(mi+2 + a− β)]q
[2β]q[−1− β]q[β]q[−1]q[−2a + 2β − 1]q[2a− β]q[−2a− 1 + β]q[2a]q ,
A˜(1),(1) =
∏2
i=1[mi + a]q[−(mi+2 + a)]q[mi − a]q[−(mi+2 − a)]q
[β]q[−1]q[β]q[−1]q[−2a+ β]q[2a− 1]q[2a+ β]q[−2a− 1]q ,
A˜(0),(1,1) =
∏2
i=1[mi − a]q[−(mi+2 − a)]q[mi − a− β]q[−(mi+2 − a− β)]q
[2β]q[−1− β]q[β]q[−1]q[2a+ 2β − 1]q[−2a− β]q[2a− 1 + β]q[−2a]q ,
A˜(0),(2) =
∏2
i=1[mi − a]q[−(mi+2 − a)]q[mi − a+ 1]q[−(mi+2 − a + 1)]q
[1 + β]q[−2]q[β]q[−1]q[2a− 1 + β]q[−2a]q[2a− 2 + β]q[−2a + 1]q .
(5.28)







































ǫ1ǫ2(2a− ǫ1 − ǫ2)4a. (5.30)
Note that A˜(0,0)(1)(1) which does not satisfy (5.8) becomes automatically 0 in this limiting procedure.
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If we consider the limit in which the fundamental matters decouple, the pure Yang-Mills case
is reproduced. [29]
In the case of general r, setting kℓ = k0 + δkℓ, ℓ = 0, · · · , r− 1, we find from the condition
(5.8),
qa = 0 δkℓ = (0, · · · , 0), (5.33)
qa 6= 0 δkℓ = (0, 1, 2, · · · , qa
ℓ=qa
, · · · , qa
ℓ=r−qa
, qa − 1, · · · , 1). (5.34)
28
Here


















Now if we assume that Ξqa does not depend on k and is equal to each other for all A˜AB involved
we are able to evaluate this quantity for a typical Young diagram. At least, we can see that
this assumption is correct at the lower levels of SU(2), r = 2. One of the case k0 = 0 is drawn
in Fig. 3. After the computation on this diagram, we find that we should set
Ξ0 = 1, Ξ1 = h
2 1




i=1 (1− ωi)2qa−3i(1− ω−i)2qa−3i∏qa
j=1(1− ωqa+j−1)qa−j+1(1− ω−(qa+j−1))qa−j+1
































Fig. 3: Example of n-tuple Young diagram in the case of k0 = 0, SU(2) and general r.




0, (n− 1), · · · , qn−1(n− 1)
ℓ=qn−1
, qn−1(n− 1) + (n− 2), · · · , qn−1 + qn−2(n− 2)
ℓ=qn−2
,
· · · ,
j−2∑
i=1





qn−i + qn−j+1(n− j + 1) + (n− j),
· · · ,
j−1∑
i=1
qn−i + (n− j)qn−j
ℓ=qn−j





















qi ≥ q1 ≥ q2 ≥ · · · ≥ qn−1 ≥ 0 (mod r), (5.41)
All other cases on these inequalities can be obtained by the appropriate interchange of the


























Here (qα) = (q1, · · · , qn−1, qn), qn = −q1 − · · · − qn−1 is Zr-charge assigned to each Young













































(1− ωqa+j)qb . (5.45)















To summarize, the method of obtaining the SU(n) instanton partition function on R4/Zr
from the five dimensional instanton partition function by the limiting procedure (5.16) has
been established. The ALE instanton partition functions are systematically obtained by using
(5.43)-(5.46).
6 Note added

































Fig. 4: Example of n-tuple Young diagram in the case of k0 = 0, SU(n) and r. The total
number of boxes is equal to d.
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